Given a finite group G and a subset X of G, the commuting graph of G on X, denoted by C(G, X), is the graph that has X as its vertex set with x, y ∈ X joined by an edge whenever x = y and xy = yx.
Introduction
Let X be a subset of a finite group G. The commuting graph of G on the set X, denoted by C(G, X), is the graph that has X as its vertex set with x, y ∈ X joined by an edge whenever x = y and xy = yx. Commuting graphs were first studied by Brauer and Fowler in [4] with X = G \ {1}. Many papers have investigated C(G, X) for different choices of X. For example, the works [2, 7, 16] investigated the graph C(G, X) when X consists of involutions and the papers [1, 8, 9, 14, 17] considered X = G \ Z(G), where Z(G) denotes the center of G. Let us denote the graph C(G, G \ Z(G)) by Γ(G) and refer to it simply as commuting graph of G. We observe that Γ(G) highlights the relations of commutativity between non-central elements of the group G. However, given x ∈ G, it is clear that any two elements of the coset xZ(G) commute with each other. Furthermore, as observed in [17] , vertices x and y are adjacent in Γ(G) if and only if g and h are adjacent for all g ∈ xZ(G) and h ∈ yZ(G). In this way, we may investigate the relations of commutativity in G by observing only the relations of commutativity that occur between non-central elements of a transversal of Z(G) in G. Thus, in this work we consider the graph C(G, X) when G is a finite non-abelian group and X = T \ Z(G), where T is a transversal of Z(G) in G. Note that it is a subgraph of Γ(G). It is easy to see that if T is another transversal of Z(G) in G, then the graphs C(G, T \ Z(G)) and C(G, T \ Z(G)) are isomorphic. Hence, we will denote the graph C(G, T \ Z(G)) simply by T (G) without mentioning the choice of the transversal. It is worth mentioning that this type of graph has already been considered in [8, 9, 17] . Vahidi and Talebi [17] showed that the graphs Γ(G) and T (G) have the same independence number and diameter. Moreover, if ω(G) denotes the clique number of the graph G, then ω(Γ(G)) = ω(T (G))|Z(G)|. In [8, 9] the authors examined the graph T (G) in their study of the diameter of a commuting graph.
We prove that T (G) presents the following relevant property: if G and H are isoclinic groups, then the graphs T (G) and T (H) are isomorphic (Proposition 2.3). This helps us to classify groups G such that T (G) has certain particular properties.
We recall a graph is regular if each vertex has the same number of neighbors and it is kregular if each vertex has exactly k neighbours. A strongly regular graph with parameters (v, k, λ, µ), where 0 < k < v − 1, is a graph k-regular on v vertices such that each pair of adjacent vertices has precisely λ common neighbours and any two non-adjacent vertices have exactly µ common neighbours.
Akbari and Moghaddamfar [1, Corollary 2] showed that if Γ(G) is strongly regular, then it is a disjoint union of at least two complete graphs and, therefore, it is disconnected. In this work, we prove that there exist groups G for which the associated graph T (G) is connected strongly regular. Moreover, we present a description of these groups; more precisely, we get:
Theorem A. Let G be a finite non-abelian group. Then T (G) is a connected strongly regular graph if and only if G admits a decomposition G = A × P , where A is an abelian subgroup of G and P is a Sylow 2-subgroup of G isoclinic to an extraspecial 2-group of order 2 2n+1 , for some integer n ≥ 2. In this case, the parameters of
We also characterize the finite non-abelian groups G for which the graph T (G) is disconnected strongly regular (see Corollary 3.10).
In this text, we use the following notations and conventions: C n is the cyclic group of order n and D 2m (with m ≥ 3) is the dihedral group of order 2m. Let G be a group. For x, y ∈ G, the commutator of x and y is given by [x, y] = xyx −1 y −1 and the derived subgroup of G is denoted by G . We write C G (x) for the centralizer of x in G. The symbol cs(G) represents the set formed by the sizes of the conjugation classes of the elements of G. For 1 < m 1 < . . . < m n , we say that G is of conjugate type {1, m 1 , ..., m n } if cs(G) = {1, m 1 , ..., m n }. Thus, given a positive integer m, the group G is of conjugate
Given a graph G its vertex set is represented by V (G) and its edge set by E(G). The neighborhood of a vertex x of G is denoted by N (x) (= {y ∈ V (G) : {x, y} ∈ E(G)}) with degree deg x = |N (x)|. When the graphs G 1 and G 2 are isomorphic, we write G 1 ∼ = G 2 and the disjoint union of the graphs G 1 and G 2 is denoted by G 1 ∪ G 2 . As usual, the complete graph on n vertices is denoted by K n and the disjoint union of r complete graphs K n is indicated by rK n . The graph on m vertices and without edges is represented by I m . Other concepts and basic results on graphs can be seen in [6] .
Preliminary results
In this section we present some concepts and results which will be needed to the proof of Theorem A.
First, we observe the commuting graph Γ(G) of G can be obtained from T (G) in the following manner: for each vertex x of T (G), put V x = xZ(G). We can see that Γ(G) is the graph that has V := x∈V (T (G)) V x as vertex set and such that a subset {a, b} of V is an edge of Γ(G) if and only if one of the following conditions is satisfied: (1) a, b ∈ V x , for some vertex x of T (G); or (2) a ∈ V x and b ∈ V y , where x e y are adjacent vertices in T (G).
is an extraspecial 3-group of order 27. Since Z(M (3)) = {e, c, c 2 }, there are eight non-
. The commuting graph of M (3) is isomorphic to 4K 6 and it can be seen in Figure 1 . Each connected component of Γ(M (3)) contains exactly two distinct cosets of Z(M (3)). In the figure below, in each connected component of Γ(M (3)), vertices that are in the same coset of Z(M (3)) are represented with the same color. In Figure 2 , we see that
The concept below was introduced by Hall [11] . We observe that for all group G, the commutator map
Definition 2.2. Let G and H be two groups. A pair (ϕ, ψ) is an isoclinism from G to H if the following conditions are satisfied:
When there is an isoclinism from G to H, we say that the groups G and H are isoclinic.
The relation of isoclinism is a equivalence relation on groups and the equivalence class of a group G is called of isoclinism family of G.
In general, isoclinic groups do not have isomophic commuting graphs, however for the graphs T (G) we have the following: Proposition 2.3. Let G and H be finite non-abelian groups. If G and H are isoclinic, then the graphs T (G) and T (H) are isomorphic.
Proof. By hypothesis, there are isomorphisms
. . , t n } be a transversal of Z(G) in G, and, for each i ∈ {1, . . . , n}, let y i be a representative of the coset ϕ(t i Z(G)). Therefore T (H) = {1, y 1 , . . . , y n } is a transversal of Z(H) in H. If we put T (G) \ {1} as the vertex set of T (G) and T (H) \ {1} as the vertex set of T (H), the mapping t i −→ y i defines a bijection between V (T (G)) and V (T (H)). In addition, if t i e t j are adjacent in
The next example shows that the converse of Proposition 2.3 does not hold in general.
Example 2.4. Consider the following groups : Figures 3 and 4) ; however, J e D 16 are not isoclinic, because the groups The next result gives the size of the common neighborhood of two vertices of T (G).
Proposition 2.5. Given a finite non-abelian group G, let x and y be distinct vertices of T (G). The following statements are true:
(ii) if x and y are adjacent, then
(iii) if x and y are not adjacent, then
. This proves (i).
Let x and y be distinct vertices of T (G) and put N = N (x) ∩ N (y) and B := a∈N aZ(G). We note that {x, y} ∩ N = ∅. If x and y are adjacent in T (G), then {x, y} ⊆ C G (x) ∩ C G (y) and, in this case, we obtain
∈ C G (y) and y / ∈ C G (x) and it is easy to see that Theorem 1] ) If G is a finite group of conjugate type {1, m}, then m is a power of a prime p and G admits a decomposition G = A × P , where A is an abelian subgroup of G and P is a Sylow p-subgroup of the same conjugate type as G.
Let p be a prime. Recall that a finite non-abelian p-group is extraspecial if G = Z(G) = Φ(G) and |Z(G)| = p, where Φ(G) denotes the Frattini subgroup of G. It is well known that any non-abelian group of order p 3 is extraspecial. Further, an extraspecial p-group has order p 2n+1 , for some positive integer n.
In this paper we will use the following Ishikawa's classification: 
Main results
In this section we will present the proof of Theorem A, which will be done in steps. First let us show that the graph T (G) associated to an extraspecial 2-group of order 2 2n+1 , n ≥ 2, is connected strongly regular. For it, we will need the following two lemmas:
Proof. If G = D 8 or G is the quaternion group of order 8, the result is clearly true. Consider an extraspecial 2-group G of order m and suppose that the result is true for all extraspecial 2-group of order less than m. By [15, 5.3.8] , G contains subgroups A and B such that A and B are extraspecial 2-groups of order less than m and G = AB is a central product. Hence, the elements of A commute with the elements of B and A ∩ B = Z(G) = Z(A) = Z(B). By induction hypothesis, the following two conditions are satisfied:
.
Let x = a 1 b 1 and y = a 2 b 2 be non-central elements of G such that x / ∈ yZ(G), where a 1 , a 2 ∈ A and b 1 , b 2 ∈ B. Thus, in virtue of (i) and (ii), we must have
The following result is taken from [10] . 
(ii) µ = 0;
(iv) G is isomorphic to mK k+1 for some integer m > 1. Proof. Let x, y ∈ G \ Z(G) be such that x / ∈ yZ(G). By Lemma 3.1, we have C G (x) = C G (y) and, by Theorem 2.7, G is of conjugate type {1, 2}. This shows that [C G (x) :
Applying Proposition 2.5 to calculate the degree of each vertex of T (G) and the size of the common neighborhood of two vertices, we conclude that T (G) is strongly regular with parameters (2 2n − 1, 2 2n−1 − 2, 2 2n−2 − 3, 2 2n−2 − 1).
The next result establishes a necessary condition for a graph T (G) to be connected strongly regular.
Lemma 3.4. Let G be a finite non-abelian group such that T (G) is connected strongly regular. Then, for all x, y ∈ G \ Z(G) such that x / ∈ yZ(G), we have C G (x) = C G (y).
Proof. Suppose there is a non-abelian group G such that T (G) is a connected strongly regular graph with parameters (v, k, λ, µ) and that there are x, y ∈ G \ Z(G) such that x / ∈ yZ(G) and
Hence, we may assume that x, y are vertices of T (G). From Proposition 2.5, it follows that if n = [G :
Our intention is to characterize the groups G for which T (G) is connected strongly regular . As we deal with a case where the graph T (G) is regular (and so G is of conjugate type {1, m}), in virtue of Theorem 2.6, we can restrict our study to p-groups.
Lemma 3.5. Given an odd prime p let G be a finite non-abelian p-group. If T (G) is strongly regular, then T (G) is disconnected.
Proof. Suppose that T (G) is strongly regular. Given
. Hence, by Lemma 3.4, the graph T (G) is disconnected, as desired.
Lemma 3.5 say us that if G is a p-group such that T (G) is a connected strongly regular graph, then p = 2.
For the proof of the next two results we will need the following relation, that holds for any strongly regular graph with parameters (v, k, λ, µ) (see [5, Proposition 2.6]):
Lemma 3.6. Let G be a finite non-abelian 2-group such that T (G) is a connected strongly regular graph with parameters (v, k, λ, µ). Suppose that |C G (x)∩C G (y)| = |C G (t)∩C G (w)|, for any vertices x, y, t, w of T (G), with x = y and t = w. Then G is isoclinic to an extraspecial 2-group of order at least 32.
Proof. From the hypotheses it follows that there exist non-negative integers m, n, r such that [G :
any distinct vertices x and y of T (G). Thus, Proposition 2.5 provides us
Because λ ≥ 0, we must have m ≥ 2. From (1) we obtain (2 n+r − 2 n )(2 m − 1) = (2 n −1)(2 m+n −2) and, consequently, 2 n (2 m+r −2 r +1−2 m+n +2) = 2. Because µ ≤ k we get n ≥ 1 and from the last equality above we conclude n = 1. Thus 2 m+r −2 r +1−2 m+1 +2 = 1 and so 2 m (2 r − 2) = 2 r − 2, which implies r = 1. Hence, [G :
, that is, G is of conjugate type {1, 2}. Now, from Theorem 2.7 it follows that G is isoclinic to an extraspecial 2-group E. As m ≥ 2 and n = r = 1 we obtain [E :
and so E has order at least 32.
Theorem 3.7. If G is a finite non-abelian 2-group such that T (G) is connected strongly regular, then G is isoclinic to an extraspecial 2-group of order at least 32.
Proof. By Lemma 3.6, it is sufficient to show that
any vertices x, y, t, w of T (G), where x = y and t = w. Let us assume the contrary, that is, there are vertices x, y, t, w of T (G) such that
Taking into account Proposition 2.5 and the fact that T (G) is strongly regular, we have two cases to analyze:
Case 1: [x, y] = 1 and [t, w] = 1. Due to Proposition 2.5 and (2), we can write
where m, n, r, s are non-negative integers, with n ≥ 1.
which is equivalent to
Since n ≥ 1, this forces n = 1 and
For such equality to occur, we must have r = 0, which give us k < µ, a contradiction. 
where m, n, r, s are non-negative integers, with n ≥ 1. Note that s, m = 0 because k = v−1 and µ = 0. From the identity µ(v − k − 1) = k(k − λ − 1) we get (2 m − 1)(2 r+s − 2 r ) = (2 m+n+r − 2)(2 r − 1) and so 2 r (2 m+s − 2 m − 2 s + 1 − 2 m+n+r + 2 m+n + 2) = 2, which implies r ∈ {0, 1}. However, by Lemma 3.2, λ = k − 1; thus r = 1 and, consequently,
It follows from the last equality that 2 m (2
If s = 1, we obtain 1 − 2 n+1 + 2 n = 0, that is, n = 0, a contradiction.
Suppose now s ≥ 2. Since m ≥ 1, we conclude that the number 2 m−1 (2 s − 1 − 2 n+1 + 2 n ) = 2 s−1 − 1 is odd and this implies m = 1. From the penultimate equality we get
case, the parameters of T (G) are:
Putting γ = (µ − λ) 2 + 4(k − µ), it follows from ([5], Theorem 2.16) that the numbers m 1 and m 2 given below are non-negative integers:
Note that 2k + (v − 1)(µ − λ) = 2 s+1 (2 s+2 − 2 2s + 3) − 12 and this number is nonzero for
From the parameters obtained in (3), we obtain γ = (4−2
and, thus, √ γ = 2 √ 4 s−1 + 1. Since m 1 and m 2 are non-negative integers, there is a ∈ Q such that 4 s−1 = a 2 − 1. Then a must be an odd integer, say a = 2l + 1, and we get
Now, the result follows from Lemma 3.6.
We are now ready to show Theorem A.
Proof of Theorem A. Let G be a finite non-abelian group such that T (G) is connected strongly regular. Theorem 2.6 tells us that G admits a decomposition G = A × P , where A is an abelian subgroup of G and P is a Sylow p-subgroup of G of conjugate type {1, p r } for some positive integer r. Now [3, page 286] ensures us that G and P are isoclinic and so T (G) ∼ = T (P ). Lemma 3.5 forces p = 2 and Theorem 3.7 yields us that P is isoclinic to an extraspecial 2-group E of order at least 32, that is, |E| = 2 2n+1 , for some n ≥ 2. Now, the result follows from Propositions 3.3 and 2.3, taking into account that G and E are isoclinic groups.
As an immediate consequence of the proof of Theorem A, we obtain Corollary 3.8. Let G be a finite non-abelian group. The graph T (G) is connected strongly regular if and only if G is isoclinic to an extraspecial 2-group of order at least 32.
We also characterize the finite non-abelian groups G for which the graph T (G) is a disjoint union of complete graphs of the same size. Conversely, assume that [G : Z(G)] − 1 = mn and for any x ∈ G \ Z(G), C G (x) is abelian and [C G (x) : Z(G)] = n+1. Let x be a vertex of T (G). If N (x) = {y 1 , . . . , y n−1 } is the neighborhood of x in T (G), then the subgraph generated by {x} ∪ N (x) is isomorphic to K n , because C G (x) = Z(G) ∪ xZ(G) ∪ y∈N (x) yZ(G) and C G (x) is abelian. In addiction, as the non-central elements of G have centralizers of equal size, T (G) is a disjoint union of m graphs isomorphic to K n .
It is worth mentioning that when G is a non-abelian p-group, the case n = 1 in Proposition 3.9 is also a consequence of [1, Corollary 1] . Further, if G is a group such that T (G) ∼ = mK n , the result above produces m ≥ 3.
We have already seen ([10, Lemma 10.1.1]) that if a graph G is disconnected strongly regular, then it is isomorphic to mK n for some integers m, n ≥ 2. Of course, the reciprocal also holds. Thus, as an immediate consequence from Proposition 3.9, we obtain we conclude [G : C G (x)] = p, for all x ∈ G \ Z(G) and, consequently, G is of conjugate type {1, p}. From Theorem 2.7 it follows that G is isoclinic to an extraspecial p-group, say P . Since [P : Z(P )] = [G : Z(G)] = p 2 and |Z(P )| = p, we must have |P | = p 3 . The converse follows from Proposition 3.9 and Proposition 2.3.
